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a b s t r a c t
In this paper, we consider a Brownian motion risk model, and in addition, the surplus
earns investment income at a constant force of interest. The objective is to find a dividend
policy so as to maximize the expected discounted value of dividend payments. It is well
known that optimality is achieved by using a barrier strategy for unrestricted dividend rate.
However, ultimate ruin of the company is certain if a barrier strategy is applied. In many
circumstances this is not desirable. This consideration leads us to impose a restriction on
the dividend stream. We assume that dividends are paid to the shareholders according to
admissible strategies whose dividend rate is bounded by a constant. Under this additional
constraint, we show that the optimal dividend strategy is formed by a threshold strategy.
Crown Copyright© 2008 Published by Elsevier B.V. All rights reserved.
1. Introduction
The optimal dividend problem has recently gained a lot of attention in actuarial mathematics. This optimization problem
goes back to Finetti [6], who considered a discrete time random walk with step sizes ±1 and proved that the optimal
dividend strategy is a barrier strategy. From then on, the problem of optimal dividend strategies has also been considered
in continuous time. For the compound Poisson model, this optimal problem was solved in [8], identifying the so-called
band strategy as the optimal one. For exponentially distributed claim sizes this strategy simplifies to a barrier strategy.
The summary of Finetti and Gerber’s work can be found in [4]. The corresponding problem in the case of a diffusion risk
process was solved in [2]. In the Brownian motion model, they showed that the optimal dividend strategy for unbounded
dividend rate is a barrier strategy. Recently, Cai et al. [5] assumed that dividends are paid according to barrier strategies and
considered the problem of finding the optimal level for the barrier in an Ornstein–Uhlenbeck-type model. In fact, if in [11],
it can be shown that the optimal dividend strategy is formed by a barrier strategy for this O–U-type model, then the barrier
strategy at optimal level has to be an optimal strategy.
Barrier strategies often serve as candidates for the optimal strategy when the dividend rate is unrestricted. However,
the resulting dividend stream is far from practical application. Furthermore, if a barrier strategy is applied, ultimate ruin
of the company is certain. In many circumstances this is not desirable. These considerations lead to the idea of imposing a
restriction on the dividend stream, resulting in optimization problemswith additional constraints. Asmussen and Taksar [2]
postulated a bounded dividend rate and showed that the optimal dividend strategy is a threshold strategy in Brownian
motion risk models, that is, dividends should be paid out at the maximal admissible rate as soon as the surplus exceeds a
certain threshold. Some calculations for this model can be found in [9]. In the compound Poisson risk model, Gerber and
Shiu [10] showed that the optimal dividend strategy is a threshold strategy for exponentially distributed claims in case
the admissible dividend rate is bounded above by some constant. The purpose of this paper is to examine the analogous
questions in a diffusion risk model which was proposed in [5].
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We assume that the surplus process of the company is modeled by a Brownian motion with drift coefficient µ > 0 and
diffusion coefficient σ > 0, and in addition, the company invests all its surplus in the risk-free asset. Let {Ut}t≥0 denote the
surplus of the company, if no dividends are paid. Then the surplus process is a continuous stochastic process which solves
the following stochastic differential equation
dUt = (µ+ ρUt)dt + σdWt , t ≥ 0, (1.1)
where ρ > 0 is the force of interest and {Wt}t≥0 is a standard Brownian motion.
Let pi denote an admissible strategy and lpit be the dividend rate at time t . Write Tpi = inf{t ≥ 0 : Upit ≤ 0} for the time
of ruin of the controlled risk process {Upit }t≥0. For a given admissible policy pi , we define the dividend-value function Vpi by
Vpi (x) = E
[∫ Tpi
0
e−δt lpit dt|Upi0 = x
]
, (1.2)
where δ > 0 is an interest force for the calculation of the present value. It should be distinguished from the interest force
ρ. In this paper we assume ρ < δ. We denote byΠ the set of all the admissible dividend strategies. The objective is to find
the maximal dividend-value function, which is defined as
V (x) = sup
pi∈Π
Vpi (x), (1.3)
and to find an optimal policy pi∗ that satisfies V (x) = Vpi∗(x) for all x ≥ 0.
In this paper, we assume that the admissible dividend rate is bounded by a constant α ∈ (0,∞). Under this additional
constraint, we claim that the optimal dividend strategy is formed by a threshold strategy with parameters b∗ (the definition
of b∗ is given by (3.12)) and α: whenever the modified surplus is below b∗, no dividends are paid; however, when the
modified surplus is above this level, dividends are paid continuously at the maximal admissible rate α.
The rest of the paper is organized as follows. In Section 2, we assume that dividends are paid according to threshold
strategies with parameters b and α. Closed form expressions for the expected discounted value of dividend payments are
obtained. In Section 3, the optimal threshold b∗ is discussed. In Section 4, it is shown that the optimal strategy is formed by a
threshold strategy with parameters b∗ and α under the constraint that only dividend strategies with dividend rate bounded
by α are admissible. In Section 5, the Laplace transform of the time of ruin under a threshold strategy is obtained.
2. Threshold dividend strategy
In the following the insurer is allowed to pay dividends according to a threshold strategy with parameters b > 0 and
α > 0. Let the symbols Ubt and Vb(x) denote the controlled risk process and the expected discounted value of dividend
payments. We use a probabilistic argument to obtain closed form expressions for the expected discounted dividends. Write
τ−0 = inf{t ≥ 0 : Ut ≤ 0},
τ+b = inf{t ≥ 0 : Ut ≥ b},
η−b = inf{t ≥ 0 : Ubt ≤ b},
with the convention inf∅ = ∞.
Breiman [3, Theorem 16.69] pointed out that the ordinary differential equation
1
2
σ 2f ′′(x)+ (µ+ ρx)f ′(x)− δf (x) = 0 (2.1)
has two positive independent solutions f1, f2 such that f1 is strictly decreasing and f2 is strictly increasing.
Let functions f3, f4 be such solutions for the ordinary differential equation
1
2
σ 2f ′′(x)+ (µ+ ρx− α)f ′(x)− δf (x) = 0, (2.2)
where f3 is strictly decreasing and f4 is strictly increasing.
In [5], the authors pointed out that these independent solutions are given by
f1(x) = exp
{
− 1
ρσ 2
(µ+ ρx)2
}
U
(
1
2
+ δ
2ρ
,
1
2
,
1
ρσ 2
(µ+ ρx)2
)
, (2.3)
f2(x) = (µ+ ρx) exp
{
− 1
ρσ 2
(µ+ ρx)2
}
M
(
1+ δ
2ρ
,
3
2
,
1
ρσ 2
(µ+ ρx)2
)
, (2.4)
f3(x) = exp
{
− 1
ρσ 2
(µ− α + ρx)2
}
U
(
1
2
+ δ
2ρ
,
1
2
,
1
ρσ 2
(µ− α + ρx)2
)
, (2.5)
f4(x) = (µ− α + ρx) exp
{
− 1
ρσ 2
(µ− α + ρx)2
}
M
(
1+ δ
2ρ
,
3
2
,
1
ρσ 2
(µ− α + ρx)2
)
, (2.6)
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where,M andU are called the confluent hypergeometric functions of the first and second kind respectively. Formore details
on confluent hypergeometric functions, see [1].
Denote
h(x) = f1(0)f2(x)− f2(0)f1(x).
The next lemma can be found in Chapter 16 of Breiman [3].
Lemma 2.1. (1) For 0 ≤ x ≤ b, we have
Ex
[
e−δτ
+
b I(τ+b < τ
−
0 )
]
= h(x)
h(b)
. (2.7)
(2) For 0 ≤ x ≤ b, we have
Ex
[
e−δτ
−
0 I(τ−0 < τ
+
b )
]
= f1(x)f2(b)− f2(x)f1(b)
h(b)
. (2.8)
(3) For x > b, we have
Ex
[
e−δη
−
b
]
= f3(x)
f3(b)
. (2.9)
For 0 ≤ x ≤ b, dividends will be payable only if the surplus process reaches bwithout ruin first occurring, so that
Vb(x) = Ex
[
e−δτ
+
b I(τ+b < τ
−
0 )
]
Vb(b) = h(x)h(b)Vb(b). (2.10)
For x > b, dividends are payable immediately at rate α until the first time the surplus falls below b, we can write
Vb(x) = Ex
∫ η−b
0
αe−δtdt + Ex
[
e−δη
−
b
]
Vb(b) = α
δ
+
[
Vb(b)− α
δ
] f3(x)
f3(b)
. (2.11)
Using the continuity of the function V ′b(x) at x = b, we get
Vb(b) = α
δ
f ′3(b)h(b)
f ′3(b)h(b)− f3(b)h′(b)
.
Hence, the expressions of the expected discounted dividend payments are given by
Vb(x) =

α
δ
f ′3(b)h(x)
f ′3(b)h(b)− f3(b)h′(b)
, 0 ≤ x ≤ b,
α
δ
+ α
δ
h′(b)f3(x)
f ′3(b)h(b)− f3(b)h′(b)
, x > b.
(2.12)
3. Optimal threshold
Let b∗ be the optimal threshold, that is, the value that maximizes Vb(x) for any given x > 0. Let
g1(b) = f
′
3(b)
f ′3(b)h(b)− f3(b)h′(b)
,
g2(b) = h
′(b)
f ′3(b)h(b)− f3(b)h′(b)
.
Since the functions Vb(x) and V ′b(x) are continuous at x = b, we get the following relations
g1(b)h(b) = 1+ g2(b)f3(b), (3.1)
g1(b)h′(b) = g2(b)f ′3(b). (3.2)
Differentiating (3.1) with respect to b and substituting (3.2), we obtain
g ′1(b)h(b) = g ′2(b)f3(b).
Note that h(b) > 0
(
h(0) = 0, h′(x) > 0) and f3(b) > 0 for b > 0. Then g ′1(b) and g ′2(b) have the same signs, which implies
that g1(b) and g2(b) can be maximized simultaneously.
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In [1], the authors point out as z →+∞
U(a, c, z) = z−a[1+ o(|z|−1)], (3.3)
M(a, c, z) = Γ (c)
Γ (a)
ezza−c[1+ o(|z|−1)]. (3.4)
We get
lim
b→+∞ g1(b) = 0.
Then
lim
b→+∞ Vb(x) = 0.
We infer that Vb(x) attains its maximum for a finite value of b, i.e. b∗ <∞.
If the optimal threshold b∗ > 0, it satisfies g ′1(b∗) = 0. This means
f ′3(b
∗)h′′(b∗)− f ′′3 (b∗)h′(b∗) = 0. (3.5)
Notice that condition (3.5) holds if and only if
V ′′b∗(b
∗−) = V ′′b∗(b∗+). (3.6)
In addition, as a function of x, Vb(x) satisfies the differential equation (2.1) for 0 ≤ x ≤ b and differential equation (3.7) for
x > b,
1
2
σ 2V ′′b (x)+ (µ+ ρx− α)V ′b(x)− δVb(x)+ α = 0. (3.7)
We set x = b− in the differential equation (2.1) and x = b+ in the differential equation (3.7). Taking their difference yields
the formula
V ′b(b) = 1+
σ 2
2α
[
V ′′b (b+)− V ′′b (b−)
]
. (3.8)
Since the optimal threshold b∗ (when b∗ > 0) satisfies Eq. (3.6), we have
V ′b∗(b
∗) = 1, b∗ > 0. (3.9)
Note that Eq. (3.9) is equivalent to
h(b)
h′(b)
= f3(b)
f ′3(b)
+ α
δ
. (3.10)
Using (3.3) and (3.4), it is easily shown that
lim
b→+∞
h(b)
h′(b)
= +∞, lim
b→+∞
f3(b)
f ′3(b)
= 0.
Therefore, the positive solution to (3.10) can exist if the following condition holds
f3(0)
f ′3(0)
+ α
δ
> 0. (3.11)
Let b0 denote the positive root of equation (3.10). In the next section we will show that
b∗ =

0, if
f3(0)
f ′3(0)
+ α
δ
≤ 0,
b0, if
f3(0)
f ′3(0)
+ α
δ
> 0.
(3.12)
4. Optimal dividend strategy
Suppose the maximal dividend-value function V is twice continuously differentiable on (0,∞). Standard Markovian
arguments, see [7], formally yield that V (x) satisfies the following Hamilton–Jacobi–Bellman (HJB) equation
max
0≤r≤α
[1− V ′(x)]r + 1
2
σ 2V ′′(x)+ (µ+ ρx)V ′(x)− δV (x) = 0 (4.1)
with
V (0) = 0. (4.2)
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Theorem 4.1. There exists a twice continuously differentiable concave solution to (4.1) and (4.2). If
f3(0)
f ′3(0)
+ α
δ
≤ 0,
this solution is given by
V0(x) = α
δ
(
1− f3(x)
f3(0)
)
, (4.3)
whereas if
f3(0)
f ′3(0)
+ α
δ
> 0,
then this solution is given by
Vb0(x) =

α
δ
f ′3(b0)h(x)
f ′3(b0)h(b0)− f3(b0)h′(b0)
, 0 ≤ x ≤ b0,
α
δ
+ α
δ
h′(b0)f3(x)
f ′3(b0)h(b0)− f3(b0)h′(b0)
, x > b0.
(4.4)
Proof. It is straightforward to verify that function (4.3) is twice continuously differentiable and strictly concave, and further
it satisfies the differential equation (3.7). If f3(0)f ′3(0)
+ α
δ
≤ 0, we have V ′0(0+) = − αδ
f ′3(0)
f3(0)
≤ 1. Therefore V ′0(x) < 1 for all x > 0.
This implies that V0(x) satisfies HJB equation (4.1) with initial condition (4.2).
If f3(0)f ′3(0)
+ α
δ
> 0, in view of the equivalence of (3.6) and (3.10), we have
V ′′b0(b0−) = V ′′b0(b0+). (4.5)
Then Vb0(x) is twice continuously differentiable.
To check concavity, use the following helpful formulas
U(a, b, z)− U ′(a, b, z) = U(a, b+ 1, z), (4.6)
(b− 1− z)M(a, b, z)+ zM ′(a, b, z) = (b− 1)M(a− 1, b− 1, z). (4.7)
If x ∈ [b0,+∞), V ′′b0(x) = αδ g2(b0)f ′′3 (x),where
f ′′3 (x) =
4ρ
σ 2
exp
{
− 1
ρσ 2
(µ− α + ρx)2
}
U
(
δ
2ρ
− 1
2
,
1
2
,
1
ρσ 2
(µ− α + ρx)2
)
.
Concavity on [b0,+∞) is immediately obtained since g2(b0) < 0.
If x ∈ [0, b0), differentiate Vb0(x) three times to get
V ′′′b0(x) =
α
δ
g1(b0)h′′′(x),
where
h′′′(x) = f1(0)f ′′′2 (x)− f2(0)f ′′′1 (x),
f ′′′1 (x) = −
8ρ(µ+ ρx)
σ 4
exp
{
− 1
ρσ 2
(µ+ ρx)2
}
U
(
δ
2ρ
− 1
2
,
3
2
,
1
ρσ 2
(µ+ ρx)2
)
,
f ′′′2 (x) =
2ρ(δ − ρ)
σ 2
exp
{
− 1
ρσ 2
(µ+ ρx)2
}
M
(
δ
2ρ
− 1, 1
2
,
1
ρσ 2
(µ+ ρx)2
)
.
Note that g1(b0) > 0 and h′′′(x) > 0, then it follows that V ′′′b0(x) > 0. Hence V
′′
b0
(x) is strictly increasing. Since V ′′b0(b0+) < 0,
it follows by (4.5) that V ′′b0(b0−) < 0, so that V ′′b0(x) < 0 on [0, b0). This gives that Vb0(x) is concave on [0,+∞).
Finally, notice that function (4.4) satisfies (2.1) on [0, b0) and (3.7) on [b0,+∞), and it is easy to check that V ′b0(x) > 1
for 0 ≤ x < b0 and V ′b0(x) < 1 for x > b0. Then Vb0(x) given by (4.4) satisfies HJB equation (4.1) with initial condition (4.2)
clearly. 
Finally we need a verification theorem proving that the dividend-value function obtained in Theorem 4.1 is indeed
optimal:
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Theorem 4.2. For any admissible policy pi ∈ Π , we have
Vpi (x) ≤ V0(x), if f3(0)f ′3(0)
+ α
δ
≤ 0,
Vpi (x) ≤ Vb0(x), if
f3(0)
f ′3(0)
+ α
δ
> 0.
(4.8)
Proof hint. The proof of this theorem is similar to that of Proposition 2.2 in [2]. 
Let us complete the discussion about the optimal threshold b∗. From Theorems 4.1 and 4.2, we know that an arbitrary
positive solution to Eq. (3.10) is the optimal threshold if condition (3.11) holds. That is to say, an arbitrary positive solution
to equation g ′1(b) = 0 will be the maximizer of g1(b). In view of the properties of function g1(b), it follows that the positive
solution to (3.10) is unique. Then the optimal threshold b∗ is given by
b∗ =

0, if
f3(0)
f ′3(0)
+ α
δ
≤ 0,
b0, if
f3(0)
f ′3(0)
+ α
δ
> 0.
(4.9)
Theorem 4.3. The maximal dividend-value function V which is defined by (1.3) is given by
V (x) = Vb∗(x), (4.10)
and the optimal policy pi∗ is a threshold strategy with threshold level b∗.
5. The time value of ruin under a threshold strategy
In this section, we assume that dividends are paid according to a threshold strategy with parameters b and α. Let
L(x, b) = E[e−δTb |Ub0 = x] (5.1)
denote the Laplace transform of the time value of ruin Tb for x ≥ 0. For 0 ≤ x ≤ b, applying the strong Markov property and
Lemma 3.1, we have
L(x, b) = Ex [e−δTb] = Ex [e−δTb I(τ+b < Tb)]+ Ex [e−δTb I(τ+b > Tb)]
= Ex
[
e−δτ
+
b I(τ+b < Tb)
]
L(b, b)+ Ex [e−δTb I(τ+b > Tb)]
= h(x)
h(b)
L(b, b)+ f1(x)f2(b)− f2(x)f1(b)
h(b)
. (5.2)
For x > b, we have
L(x, b) = Ex [e−δTb] = Ex [e−δη−b ] L(b, b) = f3(x)
f3(b)
L(b, b). (5.3)
Using the continuity of the function L′(x, b) at x = b, we get
L(b, b) = −ρ3(b)f3(b)
f1(0)ρ1(b)− f2(0)ρ2(b) . (5.4)
Substitution of (5.4) into (5.2) and (5.3) yields L(x, b)
L(x, b) =

ρ1(b)f1(x)− ρ2(b)f2(x)
f1(0)ρ1(b)− f2(0)ρ2(b) , 0 ≤ x ≤ b,
−ρ3(b)f3(x)
f1(0)ρ1(b)− f2(0)ρ2(b) , x > b,
(5.5)
where,
ρ1(b) = f2(b)f ′3(b)− f ′2(b)f3(b),
ρ2(b) = f1(b)f ′3(b)− f ′1(b)f3(b),
ρ3(b) = f1(b)f ′2(b)− f ′1(b)f2(b),
and f1, f2 and f3 are given by (2.3)–(2.5).
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Remarks. (i) Let φ(x, b) denote the expected discounted penalty at ruin, if dividends are paid according to the threshold
strategy with level b > 0. In this model, the penalty at ruin is a constantM > 0. Therefore, we get a relation between L(x, b)
and φ(x, b):
φ(x, b) = ML(x, b). (5.6)
Substitution of (5.5) in (5.6) yields an explicit expression for φ(x, b).
(ii) Let ψ(x, b) = Pr(Tb <∞|Ub0 = x) be the probability of ruin. Note that
E[e−δTb |Ub0 = x] = E[e−δTb I(Tb <∞)|Ub0 = x].
Then
ψ(x, b) = E[I(Tb <∞)|Ub0 = x] = lim
δ↓0 L(x, b). (5.7)
It follows from (2.3)–(2.5) that
lim
δ↓0 f1(x) =: f˜1(x) = exp
{
− 1
ρσ 2
(µ+ ρx)2
}
U
(
1
2
,
1
2
,
1
ρσ 2
(µ+ ρx)2
)
,
lim
δ↓0 f2(x) =: f˜2(x) = (µ+ ρx) exp
{
− 1
ρσ 2
(µ+ ρx)2
}
M
(
1,
3
2
,
1
ρσ 2
(µ+ ρx)2
)
,
lim
δ↓0 f3(x) =: f˜3(x) = exp
{
− 1
ρσ 2
(µ− α + ρx)2
}
U
(
1
2
,
1
2
,
1
ρσ 2
(µ− α + ρx)2
)
.
Taking limit in (5.5) yields an explicit expression for ψ(x, b).
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